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The aim of this paper is to investigate the Hyers–Ulam stability of the linear differential
equation y(3)(t) + αy′′(t) + βy′(t) + γ y(t) = f (t), where y ∈ C3[a, b], f ∈ C[a, b] and
−∞ < a < b < +∞. More precisely, we prove that the equation y(3)(t) + αy′′(t) +
βy′(t)+ γ y(t) = f (t) has the Hyers–Ulam stability.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let X be a normed space over a scalar fieldK and let I be an open interval. Assume that a0, a1, . . . , an are fixed elements
of K. We say that the differential equation
an(t)y(n)(t)+ an−1(t)y(n−1)(t)+ · · · + a1(t)y′(t)+ a0y(t)+ h(t) = 0 (1.1)
has the Hyers–Ulam stability, if for any function f : I → X satisfying the differential inequality
‖an(t)y(n)(t)+ an−1(t)y(n−1)(t)+ · · · + a1(t)y′(t)+ a0y(t)+ h(t)‖ ≤ ε
for all t ∈ I and for some ε ≥ 0, there exists a solution g : I → X of (1.1) such that ‖f (t) − g(t)‖ ≤ K(ε) for any t ∈ I ,
where K(ε) is an expression for ε only.
The question concerning the stability of group homomorphisms was posed by Ulam [1]. Hyers [2] solved the case of
approximately additive mappings on Banach spaces.
The Hyers–Ulam stability of differential equations has been investigated by Alsina and Ger [3] (see also [4,5]): if ε > 0
and a differentiable function f : I → R satisfies the differential inequality |y′(t)− y(t)| ≤ ε, where I is an open subinterval
of R, then there exists a differentiable function f0 : I → R satisfying f ′0(t) = f0(t) such that |f (t)− f0(t)| ≤ 3ε for all t ∈ I .
The above result has been generalized by many mathematicians (Ref. [6–10]).
Recently, Li and Shen [11] have investigated the Hyers–Ulam stability of the linear differential equations of second order
y′′(x) + αy′(x) + βy(x) = f (x) where y ∈ C2[a, b], f ∈ C[a, b] and −∞ < a < b < +∞. Indeed they proved that if the
characteristic equation λ2 + αλ+ β = 0 has two different positive roots, then the equation y′′(x)+ αy′(x)+ βy(x) = f (x)
has the Hyers–Ulam stability (see also [12,13]).
The aim of this paper is to investigate the Hyers–Ulam stability of the linear differential equation
y(3)(t)+ αy′′(t)+ βy′(t)+ γ y(t) = f (t), (1.2)
where y ∈ C3[a, b] and f ∈ C[a, b]. More precisely, we prove that Eq. (1.2) has the Hyers–Ulam stability.
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2. Hyers–Ulam stability of the differential equation y(3)(t)+ αy′′(t)+ βy′(t)+ γy(t) = f (t)
In the following theorem, we prove the Hyers–Ulam stability of the differential equation (1.2).
Throughout this section, a and b are real numbers with−∞ < a < b < +∞.
Theorem 2.1. The differential equation y(3)(t)+αy′′(t)+βy′(t)+γ y(t) = f (t)has theHyers–Ulam stability,where y ∈ C3[a, b]
and f ∈ C[a, b].
Proof. Suppose that λ,µ and ν are the (real or complex) roots of m3 + αm2 + βm + γ = 0 with p = ℜλ, q = ℜµ and
r = ℜν. Let ε > 0 and y ∈ C3[a, b]with |y(3)+αy′′+βy′+γ y−f (x)| ≤ ε. Let g(x) = y′′(x)+(λ+α)y′(x)+(λ2+αλ+β)y(x)
and z(x) = eλ(x−b)g(b)− eλx  bx f (t)e−λt dt for all x ∈ [a, b]. Then
z ′(x) = λz(x)+ f (x), x ∈ [a, b]. (2.1)
It is clear that |g ′(x)− λg(x)− f (x)| = |y(3) + αy′′ + βy′ + γ y− f (x)| ≤ ε and
|z(x)− g(x)| =
eλ(x−b)g(b)− g(x)− eλx ∫ b
x
f (t)e−λt dt

= |eλx|
e−λbg(b)− e−λxg(x)− ∫ b
x
f (t)e−λt dt

= epx
∫ b
x
[e−λtg(t)]′dt −
∫ b
x
f (t)e−λt dt

= epx
∫ b
x
e−λt [g ′(t)− λg(t)− f (t)] dt

≤ epx
∫ b
x
|e−λt ||g ′(t)− λg(t)− f (t)|dt
≤ epx
∫ b
x
e−pt |g ′(t)− λg(t)− f (t)|dt
≤ εepx
∫ b
x
e−ptdt
for all x ∈ [a, b]. Therefore
|z(x)− g(x)| ≤
1− e
−p(b−a)
p
ε if p ≠ 0;
(b− a)ε if p = 0
(2.2)
for all x ∈ [a, b]. Let us consider h(x) = y′(x)− µy(x) and k(x) = eν(x−b)h(b)− eνx  bx z(t)e−νt dt for all x ∈ [a, b]. Then
k′(x) = νk(x)+ z(x), x ∈ [a, b]. (2.3)
Also, |h′(x)− νh(x)− z(x)| = |z(x)− g(x)|. Now, we define
u(x) = y(b)eµ(x−b) − eµx
∫ b
x
k(t)e−µt dt, x ∈ [a, b].
It is clear that u ∈ C3[a, b] and u′(x) = µu(x)+ k(x). Hence (2.3) implies that u′′(x)− (µ+ ν)u′(x)+ µνu(x) = z(x) or
u′′(x)+ (λ+ α)u′(x)+ (λ2 + αλ+ β)u(x) = z(x) (2.4)
for all x ∈ [a, b]. Also we have
|k(x)− h(x)| =
eν(x−b)h(b)− h(x)− eνx ∫ b
x
z(t)e−νtdt

= |eνx|
e−νbh(b)− e−νxh(x)− ∫ b
x
z(t)e−νt dt

= erx
∫ b
x
[e−νth(t)]′dt −
∫ b
x
z(t)e−νt dt

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= erx
∫ b
x
e−νt [h′(t)− νh(t)− z(t)]dt

≤ erx
∫ b
x
|e−νt ||h′(t)− νh(t)− z(t)|dt
≤ erx
∫ b
x
e−rt |h′(t)− νh(t)− z(t)|dt
for all x ∈ [a, b]. It follows from (2.2) that
|k(x)− h(x)| ≤

[1− e−r(b−a)][1− e−p(b−a)]
rp
ε if p, r ≠ 0;
[1− e−r(b−a)](b− a)
r
ε if r ≠ 0, p = 0;
[1− e−p(b−a)](b− a)
p
ε if r = 0, p ≠ 0;
(b− a)2ε if r, p = 0
(2.5)
for all x ∈ [a, b]. It is clear that (2.1) and (2.4) imply u(3)(x) + αu′′(x) + βu′(x) + γ u(x) = f (x) for all x ∈ [a, b]. Also, we
have
|y(x)− u(x)| =
y(x)− y(b)eµ(x−b) + eµx ∫ b
x
k(t)e−µt dt

= |eµx|
y(x)e−µx − y(b)e−µb + ∫ b
x
k(t)e−µt dt

= eqx
∫ b
x
k(t)e−µt dt −
∫ b
x
[y′(t)− µy(t)]e−µt dt

= eqx
∫ b
x
[k(t)− y′(t)+ µy(t)]e−µt dt

≤ eqx
∫ b
x
|k(t)− y′(t)+ µy(t)||e−µt | dt
= eqx
∫ b
x
|k(t)− h(t)|e−qt dt
for all x ∈ [a, b]. It follows from (2.5) that
|y(x)− u(x)| ≤

[1− e−r(b−a)][1− e−p(b−a)][1− e−q(b−a)]
rpq
ε if p, r, q ≠ 0;
[1− e−p(b−a)][1− e−r(b−a)](b− a)
pr
ε if p, r ≠ 0, q = 0;
[1− e−p(b−a)][1− e−q(b−a)](b− a)
pq
ε if p, q ≠ 0, r = 0;
[1− e−q(b−a)][1− e−r(b−a)](b− a)
rq
ε if p = 0, r, q ≠ 0;
[1− e−p(b−a)](b− a)2
p
ε if p ≠ 0, r, q = 0;
[1− e−q(b−a)](b− a)2
q
ε if p, r = 0, q ≠ 0;
[1− e−r(b−a)](b− a)2
r
ε if p, q = 0, r ≠ 0;
(b− a)3ε if p, q, r = 0
for all x ∈ [a, b]. This completes the proof. 
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